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Large scale simulations of two-dimensional bidisperse granular fluids allow us to determine spatial correla-
tions of slow particles via the four-point structure factor S4(q, t). Both cases, elastic (ε = 1) as well as inelastic
(ε < 1) collisions, are studied. As the fluid approaches structural arrest, i.e. for packing fractions in the range
0.6≤ φ ≤ 0.805, scaling is shown to hold: S4(q, t)/χ4(t) = s(qξ (t)). Both the dynamic susceptibility, χ4(τα ),
as well as the dynamic correlation length, ξ (τα ), evaluated at the α relaxation time, τα , can be fitted to a power
law divergence at a critical packing fraction. The measured ξ (τα ) widely exceeds the largest one previously
observed for hard sphere 3d fluids. The number of particles in a slow cluster and the correlation length are
related by a robust power law, χ4(τα ) ≈ ξ d−p(τα ), with an exponent d− p ≈ 1.6. This scaling is remarkably
independent of ε , even though the strength of the dynamical heterogeneity increases dramatically as ε grows.
Viscous liquids, colloidal suspensions, and granular fluids
are all capable of undergoing dynamical arrest, either by re-
ducing the temperature in the case of viscous liquids, or by
increasing the density in the cases of colloidal suspensions
and of granular systems [1–4]. As the dynamical arrest is ap-
proached, not only does the dynamics become dramatically
slower, but it becomes increasingly heterogeneous [4–21].
One of the most common ways to characterize the hetero-
geneity in the dynamics is to probe its fluctuations [4]. Since
probing the dynamics requires observing the system at two
times, probing the spatial fluctuations in the dynamics nat-
urally leads to defining quantities that correlate the changes
in the state of the system between two times, at two spatial
points, i.e. four-point functions. Those quantities include
the dynamic susceptibility χ4(t), which gives a spatially in-
tegrated measurement of the total fluctuations, and the four
point structure factor S4(q, t), which is the Fourier transform
of the spatial correlation function describing the local fluctua-
tions in the dynamics [4, 12, 15]. From the small wave-vector
behavior of S4(q, t), a correlation length ξ (t) can be extracted,
and it has been found in simulations of viscous liquids and
dense colloidal suspensions that this correlation length grows
as dynamical arrest is approached [4, 12, 15, 16]. For granu-
lar matter, on the other hand, the jamming transition has been
analyzed extensively, but studies on dynamic heterogeneity
(DH) are few. Two experimental groups have investigated
driven 2d granular beds in the context of DH. These studies
are restricted to small systems of order a few thousand par-
ticles [13, 14, 17–21]. χ4(t) has been measured, but spatial
correlations have not been investigated systematically due to
small system size. Instead, compact regions of correlated par-
ticles are usually assumed, χ4(t)∼ ξ d(t), thereby determining
a correlation length ξ (t).
Here we determine ξ and χ4 independently from S4(q, t) –
without further assumption. We show that there is indeed a co-
operative lengthscale which grows dramatically as structural
arrest is approached: Varying the density by 10% results in an
increase in ξ by a factor ∼ 20. The number of correlated par-
ticles is given by χ4(t), which increases by a factor > 102 in
the same range of densities. Both ξ (t) and χ4(t) are well fitted
by power law divergencies. Remarkably, size and lengthscale
are related by a robust power law, χ4(τα)≈ ξ d−p(τα) with an
exponent d− p ≈ 1.6, implying that the clusters of slow par-
ticles are neither compact nor string-like. For fixed packing
fraction the strength of the dynamical heterogeneity changes
dramatically with the degree of inelasticity, however the scal-
ing χ4(τα)≈ ξ d−p(τα) and the exponent d− p are universal.
To obtain these results, and in particular a correlation length
as large as 72 particle radii, we rely on large scale simulations
with typically 4× (105−106) particles. We find that in 2d the
spatial fluctuations are much stronger but the relaxation time
grows much more slowly with lengthscale than in 3d.
We consider a bidisperse system of hard disks in 2D, with
radii r2 and r1 such that r2 ≈ 1.43r1. The hard disks interact
via two-body inelastic collisions: The normal component of
the relative velocity of 2 colliding particles is multiplied by a
factor ε ≤ 1, the coefficient of restitution. In the inelastic case
ε < 1, energy ∝ (1− ε2) is dissipated in each collision, and
has to be supplied in order to reach a steady state. Here, we
kick the particles randomly, comparably to the bulk driving
in the experiments presented in [13, 14]. The total injected
power is chosen ∝ (1−ε2), in order to achieve approximately
the same granular temperature TG (a measure of the rms ve-
locity fluctuations), for all ε . The system presented here is
the same as the one in Ref. [22], where additional simulation
details can be found.
In this work, we analyze simulations for ε = 0.90
with packing fractions 0.6 ≤ φ ≤ 0.805, and for ε =
0.70,0.80,1.00 with packing fractions 0.72 ≤ φ ≤ 0.79. The
system contains Ntot = 4,000,000 particles for 0.60 ≤ φ ≤
0.78 and Ntot = 360,000 particles for 0.79 ≤ φ ≤ 0.805. We
measure lengths in units of the radius r1 of the small disks and
choose units of time such that TG = 1. To analyze the results,
we divide the simulation box, which has total area L2tot, into
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2sub-boxes of equal areas L2. The number of particles Nr in
each sub-box Br (centered at point r) fluctuates over time and
between different sub-boxes, but its average N =Ntot(L/Ltot)2
has been kept fixed for each measurement. For all analysis we
select the time window so that the system is in a steady state.
To probe the dynamics, we define the single-particle over-
lap function wi(t2, t1) ≡ θ(a− |ri(t2)− ri(t1)|), where θ is
the Heaviside function, t1 and t2 are times such that t2 ≥ t1,
ri(t) is the position of particle i at time t, and a is the cut-
off length. Intuitively, this observable distinguishes between
“slow” particles, with wi= 1, and “fast” particles, with wi= 0.
For each sub-box Br and for a given time interval between
t0 and t0 + t (t > 0), we also define the sub-box overlap
Qr(t; t0) = 1Nr ∑
Nr
i=1wi(t0 + t, t0), where the sum runs over the
particles present in the box Br at time t0. Qr(t; t0) can be in-
terpreted as the fraction of slow particles in sub-box Br in the
time interval [t0, t0+ t].
The average dynamics is characterized by the quantity
〈Qr(t; t0)〉, where 〈· · · 〉 denotes an average over sub-boxes,
and · · · denotes an average over initial times t0 at fixed time
difference t. This quantity exhibits critical slowing down as
the packing fraction increases [23]. In particular, the α re-
laxation time τα , defined by 〈Qr(τα ; t0)〉 = 1/e, is a rapidly
increasing function of φ [23]. Unless otherwise indicated, the
results shown below are for ε = 0.9, a= 0.6r1, and t = τα .
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FIG. 1: (Color online) Peak value of the dynamic susceptibility, χP4 ,
versus N for packing fractions 0.60 ≤ φ ≤ 0.805. Inset: Dynamic
susceptibility, χ4(t), for the same packing fractions as in the main
panel, for N = 10,000.
To quantify the heterogeneity of the dynamics, we use the
dynamic susceptibility
χ4(t) = N
[
〈Q2r(t; t0)〉−〈Qr(t; t0)〉2
]
, (1)
which gives a direct measure of the strength of the fluctuations
in the overlap. As a function of time, χ4(t) has a maximum
χP4 at time τ
∗. Both the maximum value χP4 and its position τ
∗
are increasing functions of the packing fraction φ (see Fig. 1,
inset). Moreover, as shown in Fig. 1, as a function of N, χP4
initially increases and then reaches a plateau. Both the value
of N at which the plateau starts and the plateau value of χP4 are
increasing functions of the packing fraction φ , consistent with
the presence of a correlation length ξ that controls the finite
size scaling behavior of χP4 and that grows with increasing
φ [24]. To minimize finite size effects, in what follows all
results are reported for N = 10,000 for φ ≤ 0.76 and N =
40,000 for φ > 0.76, which are within the plateau region for
all packing fractions considered.
Spatial correlations of the dynamical fluctuations are en-
coded in the four–point structure factor
S4(q, t)/N = (2){
[〈Wr(q, t; t0)Wr(−q, t; t0)〉−〈Wr(q, t; t0)〉〈Wr(−q, t; t0)〉]
}
,
where Wr(q, t; t0) = 1Nr ∑
Nr
i=1 exp [iq · ri(t0)]wi(t0 + t, t0), and
{· · ·} denotes an average over wave vectors q of fixed magni-
tude |q|= q. The four-point structure factor and the dynamic
susceptibility are related by limq→0 S4(q, t) = χ4(t) [26].
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FIG. 2: (Color online) Scaling plot of the four–point structure factor
S4(q,τα ) for different packing fractions, with Ornstein-Zernicke fit
(solid line). The correlation lengths ξ are shown in the key.
As the packing fraction is increased to the point of struc-
tural arrest, we expect long range correlations of the dynamic
heterogeneities as well as scaling of S4(q, t). In Fig. 2 we
plot S4(q,τα)/χ4(τα) as a function of qξ (τα), and find good
collapse between data for different φ . This shows that all
dependence on φ can be absorbed into a single lengthscale,
the dynamic correlation length ξ (t) evaluated at τα . ξ (t)
can be extracted either by collapsing the data in the scaling
plot or by fitting S4(q, t) to the Ornstein-Zernicke (OZ) form,
S4(q, t) = χ4(t)/{1+[qξ (t)]2}.
As can be seen in Fig. 2, the scaling function is close to the
OZ form for qξ (τα)<∼ 1, but starts to differ significantly from
it for larger values of qξ (τα). The values of ξ (τα), reported
in Fig. 2, are obtained by fitting S4(q, t) to the OZ form in
the range 0 < q < 0.2. Changing the fitting range or adding
a quartic term to the denominator in the fitting function [16]
does not significantly alter the results for ξ (τα) [23].
In Fig. 3, we show that both χ4(τα) and ξ (τα) grow
rapidly with φ . In fact, both quantities and also the re-
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FIG. 3: (Color online) Main panel: The dynamic correlation length
ξ (τα ) and the dynamic susceptibility χ4(τα ) as functions of the
packing fraction φ , In each case, a fit to a diverging power law func-
tion is shown. Inset: Relaxation time τα versus dynamic correlation
length ξ (τα ). Two fits to the data are attempted: a power law (solid
line), and an exponential (dot-dashed line).
laxation time τα (not shown) are well fitted by divergent
power law forms χ4(τα)∝ (φJ−φ)−γχ , ξ (τα)∝ (φJ−φ)−γξ ,
and τα ∝ (φJ − φ)−γτ with a common location φJ ≈ 0.821
for all three divergences, but different exponents γχ ≈ 2.5,
γξ ≈ 1.6, and γτ ≈ 2.4 [23]. The latter has been predicted
by mode-coupling [29] (γτ ≈ 2.5) and we expect it to be re-
lated to the exponent for the divergence of the viscosity at
jamming [30, 31].
The above results imply a power law relation between time-
and lengthscales: τα ∝ [ξ (τα)]z, with a dynamical exponent
z = γτ/γξ . In the inset of Fig. 3 we show τα as a function
of ξ (τα). A power law (full line) approximately describes
the data, with a slight deviation at the highest packing frac-
tions, and yields an exponent z = γτ/γξ ≈ 1.5. An alterna-
tive description [16] τα ∝ exp[kξ (τα)] (dot-dashed line) is
also shown. We do not observe the dramatic slowdown of
growth of the correlation volume for very long timescales seen
in structural glasses [33, 34], although we cannot exclude it
happening at lengthscales which exceed the observed correla-
tion length of 35 particle diameters. This slowdown in glasses
is necessary to avoid unphysically large correlation lengths,
when extrapolated to experimental time scales, but, in a gran-
ular fluid, the timescales are macroscopic and hence time and
length scale in the simulation are comparable to experiment.
We now examine how the dynamic susceptibility χ4(τα)
and the correlation length ξ (τα) depend on a. For a within
the range 0.2r1 ≤ a≤ 4.0r1, both quantities display the same
behavior [32]. They grow monotonously with a, and three
regimes can be identified: extremely fast growth for r/a1 <∼ 1,
much slower growth for r/a1 >∼ 1, and a crossover in between.
Fig. 4 shows this for the case of ξ (τα). We also find that for
fixed a, the relation between the two quantities is well fitted
by a power law, χ4(τα)∝ ξ d−p(τα), with an exponent d− p≈
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FIG. 4: (Color online) Main panel: ξ (τα ) versus a for 0.60 ≤ φ ≤
0.805 (from bottom to top). Inset: χ4(τα ) versus ξ (τα ) for three
different choices of the parameter a. The different lines correspond
to the fit χ4(τα ) ∝ ξ d−p(τα ) for each a.
1.6 which is approximately constant as a function of a. In the
inset of Fig. 4 we show this relation for a/r1 = 0.6,1.4,3.0,
i.e. for one value of a in each of the regimes described above.
The exponent d− p gives information about the correlated
slow regions. In the most common interpretation, d − p is
the fractal dimension d f of those regions. The value d f ≈ 1.6
differs from the expected values for compact domains (d f = 2)
and for string-like domains (d f = 1). It has been suggested
that alternatively the correlated regions could be compact, but
their sizes could have a wide distribution [4, 35]. However this
is not compatible with the Ornstein-Zernicke form of S4(q, t),
which implies a fast decay of G4(r, t) for large distances r.
We have studied a wide range of values of the cutoff a, which
goes from being barely larger than the typical displacement
associated with vibrations of caged particles to being larger
than the displacement required to reach the position of second
neighbors to the original location of the particle. Therefore it
is remarkable that the exponent d− p is essentially constant
over this whole range of values of a.
We now turn to the analysis of the effects of dissipation
by comparing results for different values of the coefficient of
restitution ε . In Fig. 5 we show the dynamic susceptibility
χ4(t) for φ = 0.76 and ε = 0.70,0.80,0.90 and 1.00 (elas-
tic). As ε grows, the height of the peak of χ4(t) increases
and the peak shifts to longer times. In the inset we show that
ξ (τα) also grows as a function of ε and that this growth is
stronger for higher packing fractions. Both results are com-
patible with an ε–dependent critical density φJ(ε) as predicted
in [29]. Such a shift in the critical density drops out if we plot
the relation between χ4(τα) and ξ (τα) as is done in Fig. 6 for
ε = 0.70,0.80,0.90 and 1.00. We find that a single power law
χ4(τα) ∝ ξ d−p(τα), with d− p≈ 1.6, provides a good fit for
the data corresponding to all values of ε . In fact, attempting
separate fits for each ε leads to obtaining exponents that are
equal to each other within error bars.
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FIG. 5: (Color online) χ4(τ) for coeffcients of restitution ε =
0.70,0.80,0.90,1.00 (φ = 0.76 fixed). Inset: Correlation length
ξ (τα ) as a function of ε , for 0.72≤ φ ≤ 0.79.
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FIG. 6: (Color online) χ4(τα ) against ξ (τα ) for 0.70 ≤ ε ≤ 1.00
and 0.72≤ φ ≤ 0.79. All data are fitted to χ4(τα ) ∝ ξ d−p(τα ), with
d− p≈ 1.59 (dot-dashed line).
In summary, we studied dynamical heterogeneity in a 2d
driven granular fluid in the range of packing fractions 0.6 ≤
φ ≤ 0.805. The 4-point dynamic structure factor was shown to
obey scaling, S4(q,τα)/χ4(τα) = s(qξ (τα)), where the scal-
ing function is well fitted by the Ornstein-Zernicke form for
small argument. This allowed us to determine the dynamic
susceptibility χ4(τα) and the correlation length ξ (τα) inde-
pendently. Both were shown to grow dramatically with the
packing fraction φ and can be well fitted by divergent power
laws within the range of packing fractions accessible to our
simulations. For restitution coefficients 0.7 ≤ ε ≤ 1.0, and
a wide range of cutoffs 0.6 ≤ a/r1 ≤ 3.0, we found a ro-
bust scaling χ4(τα) ∝ ξ d−p(τα), with d− p ≈ 1.6, implying
that the correlated regions are neither string-like nor compact.
We conclude that the observed scaling of dynamical hetero-
geneities is remarkably universal with respect to dissipation
and much stronger in 2d than in 3d.
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